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successive stages: (i) in the ﬁrst one, the beam is subjected to a suf
ﬁciently high internal pressure, so as to induce the pre stress in the
membrane and provide the beam with a bearing capacity, (ii) in
the second stage, the beam can be subjected to other external load
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Tensile fabrics have been widely used in textile architecture for
more than half a century. Nowadays, very large structures are built
as assemblies of pieces of fabrics and among the materials used,
coated fabrics occupy a major place due to their interesting
mechanical properties: they are light, they can be easily folded
and deployed, and they are not too expensive to manufacture.
These fabrics are typically made of woven yarns encased in a
PVC coating and therefore present an anisotropic behavior due to
the warp and weft threads. Since they have very low bending
and compressive stiffness, they can only be used in tension. In or
der to use them under other loading states, it is necessary to induce
a pre stress by means of air pressure, as in the so called air sup
ported and air inﬂated structures. The subsequent discussion will
be limited to air inﬂated structures only, also known as inﬂatable
or pneumatic structures, which are the scope of the present paper.
The inﬂatable tube is one of the most simple elements in inﬂat
able structures technology. Such a tube can be used either as a sin
gle beam or assembled with others in inﬂatable frames and more
complex structures.
The study of inﬂatable beams necessitates to distinguish twoings which can be a combination of tensile, compressive, bending
or twisting loads.
Almost all the existing studies on inﬂatable tubes dealt with
bending or torsion loadings. Pioneering theoretical works are due
to Comer and Levy [1], Douglas [2] and Webber [3], who investi
gated isotropic beams using Euler Bernoulli’s kinematics. Main
et al. [4,5] undertook experimental works on the bending of inﬂat
able beams and took account of the biaxial state in their analysis.
The shear effect in inﬂatable beams was considered by Steeves
[6] who developed a theory based on the minimum potential en
ergy principle and gave the solution in terms of Green functions,
and by Fichter [7] who used Timoshenko’s kinematics and obtained
load deﬂection formulae where the pressure appears explicitly in
the shear stiffness term. Adopting the same kinematics, Wielgosz
and Thomas [8,9] derived analytical solutions for inﬂated panels
and tubes, by writing the equilibrium equations in the pre stressed
state, and taking into account the pressure as a following force. Le
van and Wielgosz [10] improved Fichter’s theory by using the total
Lagrangian form of the virtual work principle with ﬁnite displace
ments and rotations. After linearizing the resulting nonlinear equa
tions, they obtained linear formulae for isotropic beams where the
pressure appears explicitly both in the bending and shear stiffness
es. Recently, Apedo et al. [11] went further using a 3D Timo
shenko’s kinematics and derived their solutions for an
orthotropic fabric in ﬁnite displacements and small rotations. This
work was next extended to the buckling of an orthotropic beam by
Nguyen et al. [12]. Reﬁnements of the previous formulations en
abled Nguyen et al. [13] to derive the governing nonlinear equa
tions for inﬂatable orthotropic beams and simple formulae for
the deﬂection and rotation.
In all the above mentioned papers, the geometry of the inﬂated
beam is either assumed to be known or computed by means of lin
ear elasticity formulae, as in Le van and Wielgosz’s paper [10] for
isotropic materials, and in Apedo et al’s paper [11] for orthotropic
materials. Whereas such linear formulae are sufﬁcient in the con
text of small deformations, they should be replaced by more accu
rate formulae when there are ﬁnite deformations, as is the case
nowadays with modern fabrics which are able to bear very high
tensions.
The present work is devoted to the above mentioned ﬁrst stage
where the beam is subjected to an internal pressure only, with the
purpose of obtaining an analytical solution for a pressurized mem
brane tube made of an orthotropic material. The main features of
the paper are: (i) the warp or weft direction of the membrane
can be oriented at an arbitrary angle, not parallel to the tube axis
(for convenience, use is made of the terms ‘warp’ and ‘weft’ to des
ignate the in plane orthotropy directions of the membrane); and
(ii) the obtained equations hold in ﬁnite deformations, in particular
ﬁnite rotations of the tube.
The paper is organized as follows. In Section 2, the problem will
be formulated in ﬁnite deformations for a ﬁnite thickness ortho
tropic tube and the equations will be derived considering a very
small thickness with respect to the tube radius so that the tube be
comes a membrane tube. This will result in a small system of three
nonlinear equations, which can easily be solved by an iterative
Newton type scheme to get the ﬁnal geometry as well as the stres
ses in the pressurized tube. In Section 3, the inﬂuence of the inter
nal pressure and the orthotropy directions will be studied for two
materials, one is balanced and the other unbalanced. It will be
shown that when the warp or weft direction of the membrane is
not parallel to the tube axis, the tube undergoes a rotation around
its axis, rotation which varies as a nonlinear function of the inter
nal pressure. Eventually, in Section 4, comparison with ﬁnite ele
ment results will be made in order to validate the proposed theory.
Note that we consider an orthotropic homogeneous membrane,
rather than a fabric which is inhomogeneous due to its complex
microstructure. Phenomena speciﬁc to fabrics such as kinematics
of crimp interchange, shear jamming and yarn yarn friction, will
not be considered as they are out of the scope of the paper. How
ever, one may expect that the results obtained can be used for fab
rics to a certain extent.2. Analytical solution for an inﬂated orthotropic membrane
tube
2.1. Deﬁnition of the problem
The problem is formulated in ﬁnite deformations and one has to
distinguish between the reference and the ﬁnal conﬁgurations of
the tube. Let the current position x of a particle of the tube in
the actual state be deﬁned by the cylindrical coordinates r, h, z,
so that x = rer(h) + zez. The current cylindrical basis at point x is de
noted b  (er(h), eh(h), ez), with er and eh parallel to the radial and
circumferential directions, respectively.Fig. 1. Reference geom
2The position X of the same particle in the reference state is de
ﬁned by the initial values of r, h and z, denoted by R, H and Z, so
that X = Rer(H) + Z ez. The reference cylindrical basis at point X is
B  (er(H), eh(H), ez).
The reference geometry is a thick walled tube of axis Oez, inner
radius A, outer radius B, thickness H = B A, length L, and closed at
the ends Z = 0 and Z = L, as shown in Fig. 1.
It is assumed that the tube is made of an orthotropic material
with the orthotropy basis (en,e‘,et) in the reference conﬁguration.
The normal direction en is equal to er(H) and the angle (around
er(H)) between the longitudinal direction e‘ and the tube axis ez
is denoted a, 0 6 a 6 180.
The tube is free of stress in the reference conﬁguration and let it
be subjected to an internal pressure p.2.2. Deformation
It is assumed that the cross sections of the pressurized tube re
main planar and perpendicular to axis Oez, in such a way that the
tube remains cylindrical in the deformed state. The deformed
geometry is deﬁned by the inner radius a, outer radius b, thickness
h = b a and length ‘, which correspond to their initial values A, B,
H and L, respectively. The deformation of the tube is then deﬁned
by the following relation giving the ﬁnal cylindrical coordinates r,
h, z as functions of the initial coordinates R, H, Z:
r rðRÞ h Hþ bðR; ZÞ z zðZÞ ð1Þ
Functions r(R) and z(Z) correspond to the radial and axial
displacements, whereas function b(R,Z) has been introduced in
order to represent the circumferential displacement or the rota
tion of the cross sections around the tube axis, due to the fact
that the orthotropy directions do not coincide with the cylindrical
axes. The functions b(R,Z) and z(Z) have to satisfy b(R,0) = 0 and
z(0) = 0 if one considers that the end section Z = 0 does not
rotate.2.3. Deformation gradient Strains
Since the current position x of a particle of the tube is
resolved in terms of the reference basis B via x = rcosb
er(H) + rsinb eh(H) + z ez, the matrix of the deformation gradient
tensor can be expressed in basis B as
MatðF;BÞ
krcosb rsinbb;R khsinb rsinbb;Z
krsinbþ rcosbb;R khcosb rcosbb;Z
0 0 z;Z
2
64
3
75 with
kr  drdR ; kh 
r
R
> 0 ð2Þ
The bijectivity condition J = detF = krkhz, Z > 0 leads to
krz;Z > 0 ð3Þ
The matrix of the Green strain tensor E = (FTF I)/2 in the reference
basis is derived from Relation (2):etry of the tube.
MatðE;BÞ 1
2
k2r þ r2b;2R 1 khrb;R r2b;Rb;Z
khrb;R k
2
h 1 rkhb;Z
r2b;Rb;Z rkhb;Z z;2Z þ r2b;2Z 1
2
64
3
75 ð4Þ
The components of the Green strain tensor E in the reference
basis do not depend on the cylindrical coordinate H.
2.4. Stresses
When the tube is very thin, it behaves as a membrane tube
made of an orthotropic material, with the orthotropy directions
e‘ and et parallel to the warp and weft directions, and the orienta
tion of the membrane is deﬁned by the angle a between e‘ and ez.
The relationship between the stresses and the strains in the mem
brane can be derived from a micro mechanical approach, see, e.g.,
[14] and [15], dealing with the local interaction between the yarns,
the interaction between the yarns and the coating, as well as the
friction between the warp and weft yarns. However, since such
an approach involves a great number of parameters it can hardly
be used in structural mechanics, and an alternative way usually
adopted in the literature is to use a phenomenological constitutive
law. Many works on inﬂatable beams were conducted in small
deformations using a linear elastic constitutive law. In another
context, Galliot and Luchsinger [16] undertook experiments on
PVC coated polyester fabrics using a biaxial machine, for 13 load
ratios varying from 11:1 to 1:11. By adopting a linear elastic ortho
tropic constitutive law, they determined the elastic constants for
each given load ratio. In the case of the inﬂated tube in hand, the
ratio between the longitudinal and transversal loads is 1:2.
The approach chosen in the present work consists in stating the
problem for a ﬁnite thickness tube and then deriving the govern
ing equations for a thin tube (H A). It is assumed that the 3D
constitutive law for the thick tube is the hyperelastic Saint Venant
Kirchhoff law E C : R, where the symbol ‘:’ denotes the double
contraction between the compliance tensor C (fourth order tensor)
and the second Piola Kirchhoff stress tensor R (second order ten
sor). In a consistent way with what is made on the thin tube, the
compliance tensor C is that of an orthotropic material and the con
stitutive law is written in the orthotropy basis (en,e‘,et) as follows:
ð5Þ
where
Cnnnn
1
En
Cnn‘‘ C‘‘nn
m‘n
E‘
Cnntt Cttnn
mtn
Et
C‘‘‘‘
1
E‘
C‘‘tt Ctt‘‘
m‘t
E‘
Ctttt
1
Et
C‘tt‘
1
G‘t
Ctnnt
1
Gtn
Cn‘‘n
1
Gn‘
ð6Þ
The constitutive law in the reference basis B necessitates a
change of basis since the orthotropy basis is different to basis B.
The compliance matrix MatðC;BÞ in the reference basis can be de
rived from the compliance matrix MatðC; en; e‘; etÞ in the orthotro
py basis, Eq. (5), by
8i; j; k; ‘ 2 fr; h; zg; Cijk‘ PiIPjJPkKP‘LCIJKL ð7Þ
where there is sums on the repeated indices I, J, K, L 2 {n,‘, t} and [P]
is the change of basis matrix from reference basis B to the orthotro
py basis (en,e‘,et):3ð8Þ
The change of basis formula (7) leads to the constitutive law in the
reference basis B:
Err
Ehh
Ezz
2Ehz
2Ezr
2Erh
8>>>><
>>>>>:
9>>>>=
>>>>>;
Crrrr Crrhh Crrzz Crrzh 0 0
Chhrr Chhhh Chhzz Chhzh 0 0
Czzrr Czzhh Czzzz Czzzh 0 0
Chzrr Chzhh Chzzz Chzzh 0 0
0 0 0 0 Czrrz Czrhr
0 0 0 0 Crhrz Crhhr
2
666666664
3
777777775
Rrr
Rhh
Rzz
Rhz
Rzr
Rrh
8>>>><
>>>>>:
9>>>>=
>>>>>;
ð9Þ
where the compliance components in the reference basis B are gi
ven by (we denote c = cosa,s = sina for brevity)
Crrrr Cnnnn
Crrhh Chhrr Cnn‘‘s2þCnnttc2
Crrzz Czzrr Cnn‘‘c2þCnntts2
Crrzh Chzrr 2ðCnn‘‘ CnnttÞsc
Chhhh C‘‘‘‘s4þCttttc4þðC‘tt‘þ2C‘‘ttÞs2c2
Chhzz Czzhh ðC‘‘‘‘þCtttt C‘tt‘Þs2c2þC‘‘ttðs4þc4Þ
Chhzh Chzhh 2ðC‘‘‘‘s3c Cttttc3sÞþ2C‘‘ttðs3c c3sÞ C‘tt‘ðc3s s3cÞ
Czzzz C‘‘‘‘c4þCtttts4þðC‘tt‘þ2C‘‘ttÞs2c2
Czzzh Chzzz 2ðC‘‘‘‘c3s Ctttts3cÞ 2C‘‘ttðs3c c3sÞþC‘tt‘ðc3s s3cÞ
Chzzh 4ðC‘‘‘‘þCtttt 2C‘‘ttÞs2c2þC‘tt‘ðc2 s2Þ2
Czrrz s2Ctnntþc2Cn‘‘n
Czrhr Crhrz ðCtnnt Cn‘‘nÞsc
Crhhr c2Ctnntþ s2Cn‘‘n
ð10Þ
It can be seen from Relations (4) and (9) that the components of the
stress tensor R in the reference basis do not depend on the cylindri
cal coordinate H.
On the other hand, the second Piola Kirchoff stress tensor R is
related to the Cauchy stress tensor r via
R JF 1rF T ð11Þ
Thus, the matrix of the second Piola Kirchhoff stress is computed
by
MatðR;BÞ JðMatðF;B;bÞÞ 1:Matðr;bÞ:ðMatðF;b;BÞÞ T
where the Cauchy stress matrix is written in the current basis b as
Matðr;bÞ
rrr rrh rrz
rhr rhh rhz
rzr rzh rzz
2
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3
75
and matrix Mat(F; B,b) is obtained from matrix Mat(F; B) in Rela
tion (2) by
MatðF;B;bÞ MatðF;BÞ:
cosb sinb 0
sinb cosb 0
0 0 1
2
64
3
75
One derives the components of the second Piola Kirchhoff stress in
basis B in terms of the components of the Cauchy stress and the
kinematic unknowns r(R), b(R,Z), z(Z):
Rrr
khz;Z
kr
rrr
Rrh z;Zrrh rb;Zrrz
rb;Rz;Z
kr
rrr
Rrz khrrz
Rhh
krz;Z
kh
rhh 2Rkrb;Zrhz þ
rb;2ZRkr
z;Z
rzz þ z;ZrRb;
2
R
kr
rrr
2Rz;Zb;Rrrh þ 2rRb;Rb;Zrrz
Rhz krrhz
rb;Zkr
z;Z
rzz rb;Rrrz
Rzz
krkh
z;Z
rzz
ð12Þ2.5. Equilibrium equations
Relations (11) or (12) show that the components of the Cauchy
stress tensorr do not depend on the cylindrical coordinate h. Conse
quently, the equilibrium equations divr = 0write in the current ba
sis b
rrr;r þ 1r ðrrr rhhÞ þ rrz;z 0
rhr;r þ 2r rrh þ rhz;z 0
rzr;r þ 1r rzr þ rzz;z 0
ð13Þ2.6. Assumptions for a thin tube
Let us now assume that the initial tube thickness H is very small
compared with the initial radius A, which enables one to make the
following assumptions:
Assumption 1. kr and kh do not depend on R, i.e. they are constant
through the tube thickness. Indeed, since the tube is very thin,
radius R lies within the very small interval [A,A + H], and functions
kr(R) and kh(R) deﬁned in (2) can be assumed constant over this
interval.Assumption 2. The rotation angle b(R,Z) does not depend on R
either. Furthermore, it is assumed to depend linearly on Z: b(Z) =
kbZ, where kb is a constant scalar.Table 1
Numerical values for the orthotropic tube.
Initial geometry Initial length L 1 m
Initial radius A 0.06 m
Initial thickness H 0.6 mm
Material properties Unbalanced
material
Balanced
material
Warp Young’s
modulus E‘H (kN/m)
780 660
Weft Young’s
Modulus EtH (kN/m)
504 660
In-plane shear
modulus G‘tH (kN/m)
13.8 9
Poisson ratio m‘t 0.31 0.23
Poisson ratio mt‘ 0.2 0.23
Orientation angle a of
the membrane
0–180 0–90
Internal pressure p
(kPa)
50 75 100 125 150
175 200Assumption 3. The ﬁnal coordinate z is assumed to depend line
arly on Z: z(Z) = kzZ, where kz > 0 is another constant scalar.
Under these assumptions, the Green strain matrix given in Rela
tion (4) simpliﬁes as follows
MatðE;BÞ 1
2
k2r 1 0 0
0 k2h 1 rkbkh
0 rkbkh k
2
z þ r2k2b 1
2
664
3
775 ð14Þ
Relation (14) shows that the components of the Green strain tensor
E in the reference basis do not depend on Z. By virtue of Relations
(9) and (12), the components of the second Piola Kirchhoff stress
tensor R are independent of Z, whereas those of Cauchy stress ten
sor r are independent of z.
Consider the relationship
jdxj2
jdXj2
N  CN ð15Þ
where C = 2E + I is the right Cauchy deformation tensor, dX is a
material line element and dx its spatial counterpart. If one takes4N = er(H), then Relation (15) gives
jdxj2
jdXj2 erðHÞ:CerðHÞ k
2
r , which
is constant in view of Assumption 1 above. Consequently, Relation
(15) holds for any vectors dX and dx parallel to er(H), not necessar
ily of inﬁnitesimal lengths. Thus, it can be applied to a point on the
internal wall of the membrane R = A, with dX = Her(H), N = er (H)
and dx = her(h), to give
h2
H2
erðHÞ:CerðHÞ k2r
From kz > 0 and the bijectivity condition (3), one gets kr > 0 and thus
h
H kr . The ﬁnal thickness radius ratio h/a is related to the initial ra
tio H/A by
h
a
h
H
H
A
A
a
H
A
kr
kh
ð16Þ
In the case of an inﬂated tube, kh aAP 1 and kr
h
H is bounded,
hence the ratio krkh is bounded too. Relation (16) shows that H A
leads to h a: the ﬁnal thickness h is very small compared with
the ﬁnal radius a. This justiﬁes the following assumption:
Assumption 4. All the Cauchy stress components except rrr are
constant through the tube thickness. The axial stress rrr, which
must satisfy rrr(a) = p and rrr(b) = 0, is assumed to be bounded by
p 6 rrr 6 0 and negligible with respect to the hoop and the axial
stresses: jrrrj  rhh and jrrrj  rzz.2.7. Set of equations for an inﬂated orthotropic thin tube
Applying Assumption 4 to the fact that the stresses rhr, rzr are
zero on the inner and outer walls, one obtains rhr = rzr = 0 through
out. By writing the moment balance with respect to the tube axis
Oez, one easily ﬁnds rhz = 0 since there is no external twisting tor
que on the tube. Hence, the Cauchy stress matrix is of the following
form
Matðr;bÞ
0 0 0
0 rhh 0
0 0 rzz
2
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3
75 ð17Þ
which does satisfy the equilibriums (13)b (13)c. The boundary con
dition
R
Sðz ‘Þ rzzdS ppa
2 on the end cross section z = ‘ yields
rzzp(b2 a2) = ppa2 and then
rzz
pa
2h
pA
2H
kh
kr
ð18Þ
Integrating the equilibrium Eq. (13)a from r = a to r = b and taking
account of the boundary condition rrr(r = a) = p and rrr(r = b) = 0
on the inner and outer walls give
rhh
pa
h
pA
H
kh
kr
ð19Þ
Inserting Relation (17) into (12) leads to the second Piola Kirchhoff
stressOrientation of the fabric α ( 0) -15
015
3045
6075
90105
120135
150165
180195
Pr
es
su
re
p (
kP
a)
0
25
50
75
100
125
150
175
200
Final radius a (m
)
0.06
0.061
0.062
0.063
0.064
Final length l (m
)
Orientation of the fabric α ( 0)
015
3045
6075
90105
120135
150165
180195
165180
1950
25
50
75
100
125
150
175
200
Tip rotation angle β
(L) ( 0)
-80
-60
-40
-20
0
20
40
60
80
Fig. 2. Change of geometry and tip rotatio
5MatðR;BÞ
0 0 0
0 r
2krk
2
b
khkz
rzz þ krkzkh rhh
rkrkb
kz
rzz
0 rkrkbkz rzz
krkh
kz
rzz
2
664
3
775 ð20Þ
which shows that the second Piola Kirchhoff stress is in plane
stress state with respect to plane (eh(H), ez). According to (20),
the constitutive law (9) reduces to the following form for the prob
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Ehh
Ezz
2Ehz
8><
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9>=
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Chhhh Chhzz Chhzh
Czzhh Czzzz Czzzh
Chzhh Chzzz Chzzh
2
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ð21Þ
Eventually, by replacing the left hand side of (21) by (14) and the
right hand side by (18) (20) with r = khA, one obtains three equa
tions for three unknowns kz, kh and kb:
k2h 1
 
kz pA C

hhhh A
2k2hk
2
bþ2k2z
 
þChhzzk2h ChhzhAk2hkb
h i
k2z þðAkhkbÞ2 1
h i
kz pA C

zzhh A
2k2hk
2
bþ2k2z
 
þCzzzzk2h CzzzhAk2hkb
h i
2Ak2hkbkz pA C

hzhh A
2k2hk
2
bþ2k2z
 
þChzzzk2h ChzzhAk2hkb
h i
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6where C  C=H. Given the initial radius A, the compliance coefﬁ
cients in the orthotropy basis (6) of the membrane, the orientation
angle a of the membrane and the internal pressure p, the nonlinear
system (22) can easily be solved by means of Newton Raphson’s
iterative scheme.
Once kz, kh and kb are obtained, the ﬁnal geometry of the inﬂated
tube is known ﬁnal length ‘ = kzL, ﬁnal radius a = khA as well as
the rotation of the tube b(Z) = kbZ. The integrated Cauchy stresses
on the tube thickness are computed from (18) and (19): hrhh = 2
hrzz = pA kh.
In the case when the orthotropy directions of the membrane
coincide with the circumference and the axis of the tube, i.e.
a = 0, 90 or 180, one has sinacosa = 0 and
Chhzh C

hzhh C

hzzz C

zzzh 0 from Relation (10). Consequently,
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k2h 1
 
kz pA C

hhhh A
2k2hk
2
b þ 2k2z
 
þ Chhzzk2h
h i
k2z þ ðAkhkbÞ2 1
h i
kz pA C

zzhh A
2k2hk
2
b þ 2k2z
 
þ Czzzzk2h
h i
2Ak2hkbkz pA
2k2hkbC

hzzh
ð23Þ
From (23)c, one gets kb Ak
2
hð2kz þ pAChzzhÞ 0 and thus, since
Ak2hð2kz þ pAChzzhÞ > 0, one ﬁnds that kb = 0, which means that the
tube does not rotate as one might expect. Inserting kb = 0 into
(23)a b then yields two equations for two unknowns kh and kz
k2h 1
 
kz pA 2C

hhhhk
2
z þ Chhzzk2h
 
k2z 1
 
kz pA 2C

zzhhk
2
z þ Czzzzk2h
 
One may eliminate kh between the above equations in order to ob
tain one cubic equation with unknown kz. This particular case has
been treated in a previous work [17].3. Numerical results
Here, the nonlinear system (22) is solved for two types of mate
rials: (1) the unbalanced material with different Young’s moduli inOrientation of the fabric α (0)
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Fig. 4. Change of geometry and tip rotation angle vs orie
7the warp and weft directions; and (2) the balanced material with
the same Young’s modulus in the warp and weft directions. The
numerical values of the material coefﬁcients should be chosen to
be somewhat realistic, for this purpose we have chosen values sim
ilar to those of coated fabrics F702 and V700 which were identiﬁed
experimentally by Galliot and Luchsinger on a biaxial machine. The
material properties are displayed in Table 1. The orientation angle
a of the membrane is taken between 0 and 180 for the unbal
anced material and between 0 and 90 for the balanced material.
The internal pressure p ranges from 50 to 200 kPa by steps of
25 kPa.
Figs. 2 and 3 depict the ﬁnal radius and length together with the
tip rotation of the inﬂated tube versus the orientation angle a and
the internal pressure p for the two materials, respectively.3.1. Change of geometry and rotation versus the orientation of the
membrane
In this section, we examine the ﬁnal geometry (radius a, length
‘) and the tip rotation angle b(L) of the inﬂated tube as functions of
the orientation of the membrane. The internal pressure p is given a
ﬁxed value, p = 50, 100 or 200 kPa.Orientation of the fabric α (0)
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ntation a of the membrane – Unbalanced material.
3.1.1. Unbalanced material
Fig. 4 obtained for the unbalanced material shows that the
graphs of the ﬁnal radius and length are symmetrical with respect
to a = 90, whereas the graphs of the tip rotation angle are anti
symmetrical with respect to a = 90.
Fig. 4 a shows that for all orientations of the membrane, the ﬁ
nal radius a of the tube increases with the internal pressure. At a
prescribed value of pressure p, the radius changes most when the
membrane is oriented at an angle very close to a = 45 while it
changes least when a = 90. At internal pressure p = 200 kPa for in
stance, the ﬁnal radius reaches its maximal value a = 0.0647 m (8%
increase compared with the initial radius) when a = 44.2 and its
minimal value a = 0.06078m (1% increase) when a = 90. The differ
ence between the maximal and the minimal ﬁnal radii amax and
amin is more than 6%, it is even larger with increasing internal
pressures.
As can be seen in Fig. 4b, the tube can either lengthen or sur
prisingly shorten, depending the orientation of the membrane. At
p = 200 kPa for instance, the tube lengthens if
a 2 [0,5.9[,a2]81.1,98.9[ or a2]174.1, 180], the extremal
lengths being ‘ja=0 = 1.0032 m, ‘j a=90 = 1.0073 m. For orientationOrientation of the fabric α (0)
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Fig. 5. Change of geometry and tip rotation angle vs or
8angle a outside the previous intervals, the tube gets shorter when
pressurized, reaching the minimal length of ‘ = 0.9399 m for
a = 44.6. The maximum elongation is 0.73% for a = 90, the maxi
mal shortening is 6% for a = 44.6, the difference between ‘max and
‘min is about 7%. There exist four orientations of the membrane that
make the length of the inﬂated tube unchanged: a = 5.9, 81.1,
98.9 or 174.1.
It is noteworthy that the internal pressure does not only change
the radius and the length of the tube but it also makes the cross
sections rotate about the tube axis, as shown in Fig. 4c. Here, the
rotation of the tube is due to the pressure and the fact that the
membrane is so oriented that the warp and weft directions do
not coincide with the cylindrical ones, not because of an external
twisting moment. The cross sections may rotate with positive or
negative angles of various magnitudes, depending on the orienta
tion of the membrane. At p = 200 kPa for instance, the tip rotation
angle of the tube is positive and maximal b(L) = 63 when
a = 70. On the other hand, it is negative and maximal
b(L) = 63 when a = 110, and it is zero when a = 43.2 or
136.8 (not to mention the standard angles a = 0, 90 or 180).
In addition, the orientation angles found are not the same accordOrientation of the fabric α (0)
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ing to the prescribed pressure. In the cases when the orthotropy
directions of the material coincide with the circumference and
the axis of the tube (a = 0, 90 or 180), the tube does not rotate
and this situation has been treated in a previous work [17].
3.1.2. Balanced material
Fig. 5 related to the case of the balanced material shows that
there are symmetry and antisymmetry with respect to a = 90 as
in the case of the unbalanced material, and also with respect to
a = 45.
The radius of the tube increases most when the membrane is
oriented at a = 45 and least when the warp (resp. weft) direction
is parallel to the circumference (resp. the axis) of the tube, i.e.
a = 0 and a = 90, see Fig. 5a. At p = 200 kPa for instance, the max
imal ﬁnal radius is aja=45 = 0.06571 m (about 10% increase) and the
minimal ﬁnal radius is aja=0 = aja=90 = 0.06096 m (about 2% in
crease). The difference between the maximal and minimal ﬁnal ra
dii amax and amin is 7%.
As depicted in Fig. 5b, the ﬁnal length ‘ after inﬂation has the
same features as in the case of unbalanced material. At pressure
p = 200 kPa, the tube length increases for a 2 [0,6.2[ and
a2]83.8,90], and, since the material is balanced, the maximalPressure p (kPa)
Fi
na
l r
ad
iu
s 
a 
(m
)
0 25 50 75 100 125 150 175 200
0.0595
0.06
0.0605
0.061
0.0615
0.062
0.0625
0.063
0.0635
0.064
0.0645
0.065
150
α = 450
700
00
900
Pressure p
Ti
p 
ro
ta
tio
n 
an
gl
e 
β(
L)
 (0
)
0 25 50 75 100
-60
-40
-20
0
20
40
60
80
Fig. 6. Change of geometry and tip rotation vs
9elongations are equal, ‘j a=0 = ‘ja=90 = 1.0051 m (0.5% elongation).
However, for most of the membrane orientations a
2]6.2,83.8[ the tube gets shorter when pressurized and the
maximal shortening ‘j a=45 = 0.9189 m is attained at a = 45 (more
than 8% shortening). The difference between ‘max and ‘min is greater
than 9%. Note that the tube length does not change for a = 6.2 and
83.8.
As in the case of the balanced material, the orientation angle
giving rise to a maximal rotation of the cross sections depends
on the prescribed internal pressure. At p = 200 kPa for instance,
the tip rotation magnitude jb(L)j is maximal if
a = 69(b(L) = 74.5) or a = 21(b(L) = 74.5), see Fig. 5c. On the
other hand, in contrast to the case of the unbalanced material, here
the inﬂated tube does not rotate not only when the membrane is
oriented at standard angles a = 0 and 90, but also when a = 45,
and this holds whatever the internal pressure.3.2. Change of geometry and rotation versus the internal pressure
The ﬁnal radius a, the ﬁnal length ‘ and the tip rotation angle
b(L) are plotted in Figs. 6 and 7 versus the internal pressure pPressure p (kPa)
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ranging from 0 to 200 kPa. For a = 45, these quantities vary as
nonlinear functions of p whereas for a = 0 or 90, they vary al
most linearly. In fact, numerical computations show that, under
larger internal pressures, all the considered quantities are nonPressure p (kPa)
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Fig. 8. (a) Mesh of the tube with membrane ﬁnite elements. (b) Poi
10linear functions, for all orientations of the membrane. However,
the numerical results are here presented for p smaller than
200 kPa only, so as to limit the tensile stresses in the
membrane.Pressure p (kPa)
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nts A, B, C, D in section Z = 0 and allowed directions of motion.
Fig. 9. Deformed conﬁguration of the tube.4. Finite element validation
In order to evaluate the proposed theory, let us compare the
solution of the nonlinear system (22) with that obtained from a ﬁ
nite element code. Here, use is made of an in house multi purpose
computer program developed for nonlinear structural mechanics
analysis.
The tube is modeled as a 3D membrane structure, with the
membrane ﬁnite elements having no bending stiffness and satisfy
ing the plane stress condition. In section Z = 0, the axial displace
ment of all the nodes is set to zero while the displacements in
plane (XY) of nodes (A,B,C,D) shown in Fig. 8 are appropriately pre
scribed in order to preserve the symmetries and preclude all rigidTable 2
Comparison between the solution of (22) and the membrane ﬁnite element solution.
a p (kPa) Solution of (22) M
a (m) ‘ (m) b (L) () a (m)
Balanced material: A = 0.06 m, L = 1 m, H = 6  10 4 m, E‘H = EtH = 660 kN/m, m‘t = mt‘ =
0 50 0.06024 1.00124 0 0.06024
75 0.06036 1.00187 0 0.06036
100 0.06048 1.00251 0 0.06048
125 0.06060 1.00315 0 0.06060
150 0.06072 1.00380 0 0.06072
175 0.06084 1.00445 0 0.06084
200 0.06096 1.00512 0 0.06096
30 50 0.06172 0.97559 26.0762 0.06172
75 0.06238 0.96622 35.1667 0.06238
100 0.06296 0.95831 42.5177 0.06295
125 0.06346 0.95160 48.5479 0.06346
150 0.06390 0.94589 53.5560 0.06390
175 0.06430 0.94101 57.7604 0.06430
200 0.06466 0.93683 61.3232 0.06466
45 50 0.06218 0.96775 0 0.06218
75 0.06301 0.95570 0 0.06301
100 0.06371 0.94565 0 0.06370
125 0.06431 0.93723 0 0.06431
150 0.06483 0.93012 0 0.06483
175 0.06529 0.92409 0 0.06529
200 0.06571 0.91895 0 0.06571
Unbalanced material: A = 0.06 m, L = 1 m, H = 6  10 4 m, E‘ = 780 kN/m, Et = 504 kN/
0 50 0.06032 1.00075 0 0.06032
75 0.06048 1.00114 0 0.06048
100 0.06064 1.00153 0 0.06064
125 0.06080 1.00194 0 0.06080
150 0.06096 1.00235 0 0.06096
175 0.06111 1.00278 0 0.06111
200 0.06127 1.00321 0 0.06127
30 50 0.06129 0.98382 16.6429 0.06129
75 0.06184 0.97710 22.9962 0.06184
100 0.06234 0.97115 28.3647 0.06234
125 0.06280 0.96587 32.9260 0.06280
150 0.06322 0.96119 36.8194 0.06322
175 0.06361 0.95703 40.1554 0.06361
200 0.06397 0.95335 43.0229 0.06397
45 50 0.0615 0.97865 1.4390 0.06158
75 0.06224 0.96994 2.1172 0.06224
100 0.06283 0.96230 2.7747 0.06283
125 0.06337 0.95559 3.4150 0.06337
150 0.06385 0.94968 4.0407 0.06385
175 0.06430 0.94447 4.6536 0.06430
200 0.06470 0.93987 5.2552 0.06470
11body motions. The numerical data for the geometries and the elas
tic properties are those given in Table 1 for the unbalanced and bal
anced materials.
The total Lagrangian weak form of the problem is discretized by
means of the ﬁnite element method and results in a nonlinear sys
tem of algebraic equations which can be solved by the iterative
Newton’s scheme. The tangent stiffness matrix is the sum of the
standard stiffness due to internal stresses and the stiffness due to
the pressure which is a follower force. The internal pressure p is
applied progressively. In the ﬁrst step when p is equal to zero,
the stiffness matrix is singular as is the case for any non pre
stressed membrane structure and it is necessary to add a small ﬁc
titious prestress to achieve the convergence. Of course, this
prestress is immediately canceled in the subsequent computa
tional steps.
The theoretical Eq. (22) have been established assuming that
the deformed tube remains cylindrical. Here, in numerical compu
tations the tube end is modeled as a cap made of an isotropic mem
brane just to close up the tube, and the deformed tube is not quite
cylindrical because of this cap. For this reason, one has to consider
a tube which is longer than the theoretical length L, as shown inembrane ﬁnite element solution Difference (%)
‘ (m) b(L) () in a in ‘ in b(L)
0.23, G‘t = 9 kN/m
1.00124 3.26E14 <0.01 <0.01 //
1.00187 4.40E15 <0.01 <0.01 //
1.00251 7.04E14 <0.01 <0.01 //
1.00315 1.08E14 <0.01 <0.01 //
1.00380 3.40E13 <0.01 <0.01 //
1.00445 4.12E13 <0.01 <0.01 //
1.00512 8.62E14 <0.01 <0.01 //
0.97559 26.0793 <0.01 <0.01 <0.05
0.96622 35.1704 <0.01 <0.01 <0.05
0.95831 42.5226 <0.01 <0.01 <0.05
0.95160 48.5530 <0.01 <0.01 <0.05
0.94589 53.5671 <0.01 <0.01 <0.05
0.94101 57.7724 <0.01 <0.01 <0.05
0.93682 61.3245 <0.01 <0.01 <0.05
0.96774 1.25E14 <0.01 <0.01 //
0.95569 2.35E14 <0.01 <0.01 //
0.94565 4.56E15 <0.01 <0.01 //
0.93722 9.15E14 <0.01 <0.01 //
0.93012 1.59E14 <0.01 <0.01 //
0.92409 3.74E14 <0.01 <0.01 //
0.91895 2.69E13 <0.01 <0.01 //
m, m‘t = 0.31, mt‘ = 0.2, G‘t = 13.8 kN/m
1.00075 7.6414 <0.01 <0.01 //
1.00114 4.15E14 <0.01 <0.01 //
1.00153 1.23E15 <0.01 <0.01 //
1.00194 2.04E14 <0.01 <0.01 //
1.00235 3.47E14 <0.01 <0.01 //
1.00278 1.25E15 <0.01 <0.01 //
1.00321 1.52E13 <0.01 <0.01 //
0.98382 16.6502 <0.01 <0.01 <0.05
0.97710 23.0164 <0.01 <0.01 <0.05
0.97115 28.3741 <0.01 <0.01 <0.05
0.96587 32.9347 <0.01 <0.01 <0.05
0.96119 36.8204 <0.01 <0.01 <0.05
0.95703 40.1569 <0.01 <0.01 <0.05
0.95334 43.0237 <0.01 <0.01 <0.05
0.97865 1.4392 <0.01 <0.01 <0.01
0.96993 2.1170 <0.01 <0.01 <0.01
0.96230 2.7748 <0.01 <0.01 <0.01
0.95559 3.4154 <0.01 <0.01 <0.01
0.94968 4.0410 <0.01 <0.01 <0.01
0.94447 4.6529 <0.01 <0.01 <0.01
0.93986 5.2557 <0.01 <0.01 <0.01
Fig. 8. If the extra length is large enough, the portion of the tube
between Z = 0 and Z = L remains quite cylindrical.
The mesh contains 3217 nodes and 1072 membrane elements
(see Fig. 8), which proves to be sufﬁcient for all numerical calcula
tions since in the case of the unbalanced material submitted an
internal pressure p = 200 kPa for instance, the maximum difference
with a ﬁner mesh containing 6643 nodes is only 0.02%.
Fig. 9 shows a typical deformed shape of the tube when the
membrane orientation a is different from zero. As in Fig. 8, the
lines in Fig. 9 represent the ﬁnite element mesh, not the orthotropy
directions of the membrane. The deformed mesh clearly shows
that the tube undergoes a rotation b(Z) around its axis due to the
combined effect of the membrane orientation a– 0 and the pre
scribed pressure. It should be noted that the rotation takes place
without any external twisting torque.
Table 2 presents the solutions of the nonlinear system (22)
compared with the ﬁnite element results obtained for the unbal
anced and balanced materials. For each material, the computations
are undertaken considering three orientations of the membrane,
a = 0, 30 and 45, and pressures ranging from 50 to 200 kPa by
steps of 25 kPa. The ﬁnal length ‘ in Fig. 9 corresponds to the initial
length L in Fig. 8, and the tip rotation b(L) is the rotation of the
cross section Z = L in Fig. 8. The solution of (22) and the ﬁnite ele
ment solution are found to be in very good accordance since the
difference between them is less than 0.05% in all cases presented
and it is also of the same range in other cases not presented here.
5. Conclusions
This paper deals with the inﬂation of an orthotropic membrane
tube whose warp or weft directions are not necessarily parallel to
the tube axis. The problem has been formulated in ﬁnite deforma
tions so as to take account of the ﬁnite rotations of the tube, and it
has been shown that the theoretical solution can be obtained by
solving a system of three algebraic equations. The numerical com
putations have been carried out on two types of material, giving
the ﬁnal length, radius and the rotation of the tube as nonlinear
functions of the inﬂating pressure. Also, they clearly show the sig
niﬁcant inﬂuence of the orientation of the membrane on the ﬁnal
shape of the inﬂated tube. Eventually, it has been shown that the12proposed theoretical solution gives results which are in very good
accordance with those obtained from an independent membrane
ﬁnite element code.
Investigations are in progress making use of the obtained ana
lytical solution and by the inverse analysis in order to identify
the elastic properties of orthotropic membranes.
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